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The cosmological implications of interacting and non-interacting new Tsallis agegraphic dark en-
ergy with cold dark matter in the framework of flat Fractal cosmology is discussed. The physical
significant of statefinder diagnostics and ωD −ω
′
D plane in both interacting and non-interacting sce-
narios are also invetigated. The study shows that the equation of state (EoS) parameter corresponds
to the quintessence region in both interacting and non-interacting scenarios. The v2s analysis is also
signalling us to a classically unstable model in both cases. We find that ωD − ω
′
D plane describes
the freezing region and also corresponds to ΛCDM at the beginning of the evolution.
I. INTRODUCTION
In the framework of standard cosmology, motivated by
the observational evidences claiming that our universe is
experiencing an accelerated expansion [1–9], a mysteri-
ous energy source, called dark energy (DE), is introduced
to model the current dominant cosmic fluid. There is
also another unknown cosmic sector called dark matter
(DM) responsible for some not well understood phenom-
ena such as flat rotation curves of galaxies. Since the
energy densities of DM and DE have the same order of
magnitude, cosmologists are encountered to the so called
coincidence problem solved by considering a mutual in-
teraction between DE and DM [10–14].
In systems including long-range interactions, as Gibbs
proposes [15], one should probably use non-extensive
statistics to study the systems [16, 17]. Gravitational
systems are examples in which a long-range interaction
(gravity) exists in them. Recently, considering general-
ized entropy formalisms introduced in non-extensive sta-
tistical mechanics, various cosmological and gravitational
phenomena have been studied [18–27]. In this regard,
using Tsallis entropy introduced in Ref. [18], a new holo-
graphic model is also proposed for DE that attracted a
lot of attention to itself [28–51].
Quantum gravity studies the origin and fundamental
structure of spacetime and tries to answer whether space-
time is discrete or continuous at the Planck length. In
this regard, and in order to study the cosmological con-
sequences of the changes of spacetime dimensions with
its scale [52–54], Calcagni introduced a fractal model for
universe [55–57], attracted attentions to itself [58–65].
Tsallis holographic dark energy has also been studied in
this cosmological setup by considering various mutual in-
teractions between DE and DM [50, 51].
Following the Karolyhazy uncertainty relation [66, 67],
Cai proposed a new model for dark energy [68], called
agegraphic dark energy (ADE), in which the universe
age is considered as the length measure, i.e. the IR cut-
off compared with the holographic dark energy model.
Soon after this model, a new ADE (NADE) was intro-
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duced [69], where the conformal time of FRW universe
is assumed as the time scale. Using the fact that the
Tsallis statistics modifies the entropy-area horizon, an
agegraphic dark energy model has also been introduced
in Ref. [70], named TADE.
Motivated by the above arguments and equipped with
the Tsallis entropy [18], here, we are interested in follow-
ing the NADE proposal to introduce a new TADE model
(NTADE), and study its ability in describing the current
accelerated universe by employing the fractal cosmology.
We will achieve this goal in third and forth sections, for
non-interacting and interacting cases, respectively, after
providing an introductory note on fractal cosmology in
the next section. The unit of c = ~ = G = 1 is also used
throughout this paper.
II. FRACTAL COSMOLOGY
Assuming a fractal spacetime, the total action of Ein-
stein gravity (S(≡ SG + Sm)), is decomposed as [55, 57]
SG =
1
16πG
∫
d̺ (x)
√−g (R− 2Λ− ω∂µν∂µν) , (1)
and
Sm =
1
16πG
∫
d̺ (x)
√−gLm, (2)
where SG and Sm are the gravitational and matter parts
of action, respectively. Here, R and Λ denote also the
Ricci scalar and the cosmological constant, respectively,
while g is the determinant of the dimensionless metric
gµν , and ν and ω are the fractional function and frac-
tal parameter, respectively. Moreover, d̺ (x) denotes
the Lebesgue-Stieltjes measure generalizing the standard
four-dimensional measure d4x.
In a fractal universe, the Friedmann equation can be
obtained by taking the action variation with respect to
gµν as
H2 +
k
a2
+H
ν˙
ν
− ω
6
ν˙2 =
1
3
(ρm + ρD) +
Λ
3
, (3)
where H denotes the Hubble parameter, k is the cur-
vature parameter, ρm and ρD are also the energy den-
sities of DM and DE, respectively. Since we are eager
2to model the accelerated universe without considering
the unknown and mysterious source Λ, we will consider
Λ = 0, and also, motivated by the WMAP data, we limit
ourselves to k = 0 (flat universe).
The continuity equation is decomposed as
ρ˙m +
(
3H +
ν˙
ν
)
ρm = Q, (4)
ρ˙D +
(
3H +
ν˙
ν
)
(ρD + PD) = −Q, (5)
in which PD is the pressure of DE, and Q describes the
interaction term between DE and DM. Here, we only
consider the Q = 3b2Hρm case in which b
2 is a coupling
constant. Now, assuming the fractional function ν =
a−γ , the Friedmann equation and continuity equations
can be written as
H2
(
1− γ − γ
2ωa−2γ
6
)
=
1
3
(ρD + ρm) , (6)
ρ˙m =
(
3
(
b2 − 1)+ γ)Hρm0a3(b2−1)+γ , (7)
ρ˙D = − (3− γ) (1 + ωD) ρDH − 3b2Hρm0a3(b
2
−1)+γ .
(8)
Here, ωD ≡ PDρD and ρm0 denotes the present value of DM
density.
The geometrical statefinder parameters are defined as
[71]
r = 2q2 + q − q˙
H
, (9)
s =
r − 1
3(q − 1/2) , (10)
addressing a quintessence-like (phantom-like) model of
DE when s > 0 (s < 0), and the so-called ΛCDM model
if {r, s} = {1, 0}. Moreover, in the ωD − ω′D plane and
for ωD < 0, if we have ω
′
D > 0 (ω
′
D < 0), then a thawing
region (freezing region) is encountered [72].
At the classical level, the effects of perturbations on
the DE stability is also investigatable by studying the
sign of the sound speed squared (v2s ) [73]. While it is
calculated as
v2s =
dPD
dρD
=
P˙D
ρ˙D
=
ρD
ρ˙D
ω˙D + ωD, (11)
its positive sign shows that the model is stable.
III. NTADE IN FRACTAL COSMOLOGY:
NON-INTERACTING CASE
According to Ref. [70], by assuming η = L, we obtain
the energy density of NTADE as
ρD = Bη
2δ−4, (12)
leading to
ρ˙D =
2δ − 4
aη
ρD, (13)
for the time derivative of ρD. Taking time derivative of
Eq. (6) and using Eqs. (7) and (13), we also obtain
H˙
H2
=
(γ−3)Ωm0H0
2aγ−3
2H2 +
(δ−2)Bη2δ−4
3aηH3 − γ
3ωa−2γ
6
1− γ − γ2ωa−2γ6
, (14)
where we took ρm0 = 3H0
2Ωm0 and b
2 = 0. Therefore,
the deceleration parameter q(≡ −1− H˙
H2
) is found out as
q = −1−
(γ−3)Ωm0H0
2aγ−3
2H2 +
(δ−2)Bη2δ−4
3aηH3 − γ
3ωa−2γ
6
1− γ − γ2ωa−2γ6
.
(15)
FIG. 1: The evolution of ΩD versus redshift parameter z for
non-interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1 and
B = 2.4
In this manner, using Eqs. (13) and (8), we get
ωD = −1− 2δ − 4
(3− γ)aηH . (16)
Additionally, Eq. (6) helps us in finding
ΩD =
Bη2δ−4
3H2(1− γ − γ2ωa−2γ6 )
, (17)
leading to η = [
3ΩDH
2(1−γ−γ
2ωa−2γ
6
)
B
]
1
2δ−4 . The evolution
of DE density parameter can also be obtained as
Ω˙D = ΩD

 2δ−4aη (1− γ − γ2ωa−2γ6 )
1− γ − γ2ωa−2γ6

×
[
+H [2(1 + q)(1 − γ − γ2ωa−2γ6 )− 13γ3ωa−2γ ]
1− γ − γ2ωa−2γ6
]
(18)
3FIG. 2: The evolution of ωD versus redshift parameter z for
non-interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1 and
B = 2.4
FIG. 3: The evolution of the deceleration parameter q versus
redshift parameter z for non-interacting NTADE in Fractal
cosmology. Here, we have taken ΩD(z = 0) = 0.73, H(z =
0) = 74, ω = .3, γ = .1 and B = 2.4
FIG. 4: The evolution of the squared of sound speed v2s versus
redshift parameter z for non-interacting NTADE in Fractal
cosmology. Here, we have taken ΩD(z = 0) = 0.73, H(z =
0) = 74, ω = .3, γ = .1 and B = 2.4
Taking the time derivative of Eq. (16) and inserting the
result in Eq. (11), one finds out
v2s =
2− γ − γ3ω6a2γ (γ−1)+γ2ω − 5−2δaηH
γ − 3
+
2a−1+2γB(δ − 2)η−5+2δ
(γ − 3)H3(6a2γ(γ − 1) + γ2ω)+
3a3(γ−1)H20Ωm0
H2(6a2γ(γ − 1) + γ2ω) .
(19)
To obtain the values of {r, s} plane, we should use
Eqs. (9) and (10), and also Eq. (15) and its derivative.
Since the expressions of r and s are too long, we do not
present them here, and we only focus on their behavior
via figures.
FIG. 5: The evolution of the statefinder parameter r versus
s for non-interacting NTADE in Fractal cosmology. Here, we
have taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1
and B = 2.4
FIG. 6: The evolution of the statefinder parameter r versus
the deceleration parameter q for non-interacting NTADE in
Fractal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1 and B = 2.4
The evolution of the cosmological parameters by con-
sidering non-interacting case are plotted in Figs. 1-7. In
Figs. 1-3, we plot the evolution of ΩD, ωD and q versus
4FIG. 7: The ωD − ω
′
D diagram for non-interacting NTADE
in Fractal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1 and B = 2.4
redshift parameter z by considering different values of δ.
It is obvious that ΩD tends to 0 in the distant past, the
equation of state ωD, cannot cross phantom line and δ
plays an important role on the value of transition red-
shift. For understanding the classical stability of model,
v2s is plotted in Fig. 4, which is negative and indicates
that the model is classically unstable. In Figs. 5-7, we
also plot the trajectories of statefinder pair and ωD−ωD′
plane for NTADE model in Fractal cosmology by consid-
ering different values of δ. We see, while the analysis of s
addresses a quintessence-like model, the ωD − ωD′ plane
is signalling us to a freezing region.
IV. NTADE IN FRACTAL COSMOLOGY:
INTERACTING CASE
If we repeat the previous recipe by assuming an inter-
action between the matter and dark sectors of universe,
we can find out the corresponding cosmological parame-
ters as
H˙
H2
=
(γ−3+3b2)Ωm0H0
2aγ−3+3b
2
2H2 +
(δ−2)Bη2δ−4
3aηH3 − γ
3ωa−2γ
6
1− γ − γ2ωa−2γ6
,
(20)
q = −1−
(γ−3+3b2)Ωm0H0
2aγ−3+3b
2
2H2 +
(δ−2)Bη2δ−4
3aηH3 − γ
3ωa−2γ
6
1− γ − γ2ωa−2γ6
,
(21)
ωD = −1− 2δ − 4
(3− γ)aηH −
9b2H20Ωm0a
3b2−3+γ
B(3− γ)η2δ−4 , (22)
FIG. 8: The evolution of ΩD versus redshift parameter z
for interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1,
B = 2.4 and δ = .6
FIG. 9: The evolution of ωD versus redshift parameter z
for interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1,
B = 2.4 and δ = .6
FIG. 10: The evolution of the deceleration parameter q ver-
sus redshift parameter z for interacting NTADE in Frac-
tal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1, B = 2.4 and δ = .6
5FIG. 11: The evolution of the squared of sound speed v2s
versus redshift parameter z for interacting NTADE in Fractal
cosmology. Here, we have taken ΩD(z = 0) = 0.73, H(z =
0) = 74, ω = .3, γ = .1, B = 2.4 and δ = .6
FIG. 12: The evolution of the statefinder parameter r versus s
for interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1,
B = 2.4 and δ = .6
v2s =
2− γ − γ3ω6a2γ(γ−1)+γ2ω − 5−2δaηH
γ − 3
+
2a−1+2γB(δ − 2)η−5+2δ
(γ − 3)H3(6a2γ(γ − 1) + γ2ω) (23)
+
3a3(γ−1+b
2)H20Ωm0(−3 + 3b2 + γ)
H2(6a2γ(γ − 1) + γ2ω)(γ − 3)
+
9b2a−2+γ+3b
2
H20Ωm0(−3 + 3b2 + γ)η5−2δH
2B(γ − 3)(δ − 2) ,
As in the case before, the expressions of r and s are not
presented here due to their long length, and only their
behavior are addressed.
The model behavior has been depicted in Figs. (8-14)
for interacting case by assuming fixed value of δ and in
Figs. (15-20) for fixed value of b2 respectively. In Figs.9
and 16, the study shows that ωD corresponds to the
quintessence region as well as the v2s analysis is signalling
us to a classically unstable model in Figs. 11 and18. The
FIG. 13: The evolution of the statefinder parameter r ver-
sus the deceleration parameter q for interacting NTADE in
Fractal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1, B = 2.4 and δ = .6
FIG. 14: The ωD − ω
′
D diagram for interacting NTADE in
Fractal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1, B = 2.4 and δ = .6
evolutionary trajectories for (r− s) and (r− q) planes of
NTADE model in fractal cosmology have plotted in Figs.
12 and 19 and Figs. 13 and 20 respectively. From Figs.
12 and 19 for (r − s) plane, we see that the evolution-
ary trajectories r and s end at ΛCDM (r = 1, s = 0)
in the future as well as in (r − q) evolutionary plane, we
observe that the evolutionary trajectories started from
matter dominated universe in the past and approach the
point (r = 1, q = −1) in the future in accordance with
Figs. 13 and 20. The ωD − ω′D planes have been plotted
in Figs. 14 and 21. We see that ωD−ω′D planes describe
the freezing region.
V. CLOSING REMARKS
In this paper, we studied the NATDE model in the
framework of the flat fractal cosmology. As it is seen in
Figs. 2, 9 and 16, the EoS parameter of both interact-
ing and non-interacting cases is in quintessence interval.
Although this model is classically instable, the deceler-
ation parameter addresses an accelerated universe with
the transition redshift lies within (0.6−0.8), a good com-
patibility with recent studies. The r − s analysis also
6FIG. 15: The evolution of ΩD versus redshift parameter z
for interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1,
B = 2.4 and b2 = .02
FIG. 16: The evolution of ωD versus redshift parameter z
for interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1,
B = 2.4 and b2 = .02
FIG. 17: The evolution of the deceleration parameter q ver-
sus redshift parameter z for interacting NTADE in Frac-
tal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1, B = 2.4 and b2 = .02
FIG. 18: The evolution of the squared of sound speed v2s
versus redshift parameter z for interacting NTADE in Fractal
cosmology. Here, we have taken ΩD(z = 0) = 0.73, H(z =
0) = 74, ω = .3, γ = .1, B = 2.4 and b2 = .02
FIG. 19: The evolution of the statefinder parameter r versus s
for interacting NTADE in Fractal cosmology. Here, we have
taken ΩD(z = 0) = 0.73, H(z = 0) = 74, ω = .3, γ = .1,
B = 2.4 and b2 = .02
FIG. 20: The evolution of the statefinder parameter r ver-
sus the deceleration parameter q for interacting NTADE in
Fractal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1, B = 2.4 and b2 = .02
7FIG. 21: The ωD − ω
′
D diagram for interacting NTADE in
Fractal cosmology. Here, we have taken ΩD(z = 0) = 0.73,
H(z = 0) = 74, ω = .3, γ = .1, B = 2.4 and b2 = .02
indicates the quintessence behavior for both interacting
and non-interacting scenarios. Additionally, the ωD−ω′D
plane shows the freezing region for both studied cases.
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